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nay, it will be evident this is never done, it being impossible. And, whatever mathematicians 
may think of fluxions, or the differential calculus and the like, a little reflection will show them 
that, in working by those methods, they do not conceive or imagine lines or surfaces less than 
what are perceivable to sense.” 


The Analyst gave rise to a spirited discussion. An anonymous reply by 
Philalethes Cantabrigiensis appeared under the title, Geometry, no Friend to Infi- 
delity; or, A Defence of Sir Isaac Newton and the British Mathematicians, London, 
1734. The authorship of this letter has been attributed to Conyers Middleton 
and Robert Smith, but George A. Gibson makes it plain that the author 
is James Jurin, a noted Cambridge physician and an admirer of Newtonian 
philosophy, which he had imbibed from Newton himself. Philalethes admits 
that the doctrine of fluxions is involved in difficulties, but claims that they are 
not insuperable. Gibson calls this reply “an extremely weak defence” of the 
doctrine of fluxions. In 1735 Berkeley published his Defence, etc., alluded to 
above, to which Philalethes replied in a pamphlet entitled The Minute Mathe- 
matician: or the Freethinker no just Thinker. Berkeley did not make answer 
to this, nor to a publication of the same year by Benjamin Robins, a mathe- 
matician and military engineer, which appeared in London under the title: 
A Discourse concerning the Nature and Certainty of Sir Isaac Newton’s Methods of 
Fluxions and of Prime and Ultimate Ratios. A controversy arose between 
Philalethes and Robins which bears more closely on our present topic than that 
between Philalethes and Berkeley. Robins and Philalethes differed in the inter- 
pretation of Newton; they “began that long struggle in which,” as Gibson puts 
it, “Robins proved his immense superiority to his antagonist, alike in temper, 
in general mathematical learning, and in special knowledge of Newton’s fluxionary 
methods.” The part of the debate which interests us just now relates to the 
variable’s reaching its limit. On this point Robins’s vision was somewhat 
circumscribed; he held that no variable could possibly reach its limit. This 
interpretation of Newton is at variance with that usually accepted. For the 
purposes of debate it was no doubt easier for Robins to limit himself to variables 
which do not reach their limits; from the standpoint of mathematical theory 
which should be broad enough to explain all ordinary phenomena of motion, his 
position was unfortunate. Says Robins: 


“It was urged that the quantities or ratios, asserted in this method to be ultimately equal, 
were frequently such as could never absolutely coincide. As, for instance, the parallelograms 
inscribed within the curve, in the second lemma of the first book of Sir Isaac Newton’s Principia, 
cannot by any division be made equal to the curvilinear space they are inscribed in, whereas in 
that lemma it is asserted that they are ultimately equal to that space. 

“Here two different methods of explanation have been given. The first, supposing that by 
ultimate equality a real assignable coincidence is intended, asserts that these parallelograms and 
the curvilinear space do become actually, perfectly, and absolutely equal to each other.” 


This last view described by Robins was the view of Jurin. No doubt Jurin 
followed more nearly in Newton’s footsteps than did Robins. Newton declares 
1G. A. Gibson, Review of Cantor’s “ Geschichte der Mathematik,”’ Vol. 3, in Proceedings of 


the Edinburgh Mathematical Society, Vol. XVII, 1898-99. Gibson’s article gives the most com- 
plete account of the Analyst controversy with which we are familiar. 
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that the variable becomes “ultimately equal” to its limit, yet Robins insists 
that he must have seen they would always remain unequal. Robins’s contention 
was hardly valid; whether a variable reaches its limit or not depends wholly 
upon the variable. Now a law of variation may be artificially established by 
the human mind. That law may be such that the variable reaches its limit, or 
it may be such that the variable does not reach its limit. Apparently Robins, 
perhaps unconsciously, assumed laws of variation which kept the variable and 
its limit constantly apart, while the great Newton conceived modes of variability 
not limited to such conditions. How Robins came to insist that his views were 
those deduced from Newton’s Principia is elucidated by him in the following 
passage, in which he says: 

“TNewton] has given such an interpretation of this method as did no ways require any such 
coincidence. In his explication of that doctrine of prime and ultimate ratios he defines the 
ultimate magnitude of any varying quantity to be the limit of that varying quantity which it can 
approach within any degree of nearness, and yet can never pass. And in like manner the ultimate 
ratio is the limit of that varying ratio.” 

The reader may compare this passage from Robins with the passages in 
Newton’s Principia which we quoted earlier. That Philalethes failed to do 
Newton justice is clearly brought out by Gibson. According to Philalethes an 
ultimate ratio is not the limit of a varying ratio, but the last value of a ratio. 
Berkeley very properly argued that there is no last value of the augments except 
zero, so that the phrase “the ratio with which they vanish,” used by Newton 
himself, does not represent any mathematical operation, and itself requires 
explanation. Gibson claims that Newton’s terminology of first and last ratios 
was unfortunate, “as it lent itself too readily to an interpretation in the sense 
of indivisibles; and it was this interpretation that Berkeley and Philalethes alike 
proceeded upon. Were that interpretation correct, then Berkeley’s contentions 
would in the main be fully justified.” 

We may sum up the discussion by saying that Berkeley did not directly 
inquire whether Achilles caught the tortoise or not; that according to the teach- 
ings of Newton and Jurin on limits, Achilles did catch the tortoise, though it is 
not quite evident how the feat was accomplished; that Robins’s theory did not 
allow Achilles to overtake the tortoise, though Achilles would come tantalizingly 
near doing so. 

It was in 1710 that Bayle’s famous dictionary was translated from French 
into English. We are not able to trace any immediate influence of the article 
on “Zeno of Elea” upon English thought. In 1713 appeared the Clavis Uni- 
versalis of the English divine, Arthur Collier, an idealist who aimed to prove in 
his book the non-existence of the external world. As his fifth argument he 
considers motion. He does not mention Zeno, nor any other philosopher, but 
deserves to rank among Zeno’s boldest and most reckless disciples. A few 
quotations will suffice. 


“A world, in which it is both possible and impossible that there should be any such thing 
as motion, is not at all; 


| ied Collier, Clavis Universalis, edited by Ethel Bowman, Chicago, 1909, pp. 80-82. 


| | 
| 
| 
| 


ZENO’S ARGUMENTS ON MOTION 147 


But this is the case of an external world; 

Ergo, there is no such world.” 

“«. . . Now in such translation the space or line through which the body moved is supposed 

to pass, must be actually divided into all its parts. This is supposed in the very idea of motion; 
but this all is infinite, and this infinite is absurd, and consequently it is equally so, that there should 
be any motion in an external world.” 
“. , . to affirm that a line by motion or otherwise is divided into infinite parts, is in my opinion 
to say all the absurdities in the world at once. For, first, this supposes a number actually 
infinite, that is, a number to which no unit can be added, which is a number of which there is no 
sum total, that is, no number at all; consequently, secondly, by this means the shortest motion 
becomes equal to the longest, since a motion to which nothing can be added must needs be as 
long as possible. This also, thirdly, will make all motions equal in swiftness, it being impossible 
for the swiftest in any stated time to do more than pass through infinite points, which yet the 
shortest is supposed to do.” 

Collier gives no evidence of having looked into the higher mathematics as 
did Berkeley and Hume. After referring to the angle of contact between a circle 
and its tangent, which “is infinitely less than any rectilineal angle,’ Hume con- 
cludes “that all the ideas of quantity upon which mathematicians reason, are 
nothing but particular, and such as are suggested by the senses and imagination 
and consequently, cannot be infinitely divisible.” 

Zeno’s arguments appear to have been discussed but little in England during 
the second half of the eighteenth century. Charles Hutton refers to them in the 
article “Zeno, Eleates”’ in his Mathematical and Philosophical Dictionary, London, 
1795. He describes the “Achilles” and remarks that “the fallacy will soon be 
detected,” as the time can easily be computed when Achilles will not only have 
overtaken, but actually passed the tortoise. 

Some English mathematicians kept in the path laid out by Newton, by teach- 
ing that a variable reaches its limit. Especially is this true of mathematicians 
at Cambridge, from Jurin to Whewell and from Whewell to Todhunter. Says 
Whewell:? “A magnitude is said to be ultimately equal to its Limit; and the two 
are said to be ultimately in a ratio of equality.” 

Hutton, who was professor of mathematics at the Royal Military Academy, 
Woolwich, says, in his Dictionary, under the word “Limit,” that the variable 
“can never go beyond it.” A different exposition was given by Augustus De 
Morgan. In the article “ Progressions” in the Penny Cyclopedia (London, 1841) 
he says of Achilles: “Let him go as far as he may, he must always come up to 
where the tortoise was before he can reach the point; so that it requires an infinite 
number of parts of time, but here the sophism quietly introduces an infinite time 
to catch the tortoise.’ De Morgan establishes the two convergent series, the 
one for the time, the other for the distance, passed over by Achilles, but he ignores 
the crucial question as to the reaching of the limit. In the article “Limit” he 
says that the variable “must never become equal” to its limit. Consequently 
De Morgan’s exposition of limits, as given in these articles, lacked the generality 
necessary to explain the “ Achilles.” 

On the Continent there prevailed the same diversity of definitions of a limit. 


1D. Hume, Essays Moral, Political, and Literary, London, 1898, edited by T. H. Green and 
T. H. Grose, Vol. IT, p. 129. 


2 William Whewell, Doctrine of Limits, Cambridge, 1838, p. 18. See also p. 23. 
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D’Alembert in 1754 puts no restriction upon the variable reaching its limit; 
only, the variable must not “surpasser la grandeur dont elle approche.” It is 
well known that there was a time when Lagrange was greatly troubled by the 
lack of rigor in the foundations of the calculus. He said: 


“That method [of limits] has the great inconvenience of considering quantities in the state 
in which they cease, so to speak, to be quantities; for though we can always well conceive the 
ratio of two quantities, as long as they remain finite, that ratio offers to the mind no clear and 
precise idea, as soon as its terms become, the one and the other, nothing at the same time.’ 


In the nineteenth century Carnot’ and Cauchy‘ put no restriction upon 
variables reaching their limits. In 1817 Bolzano, whose writings did not at the 
time receive the attention they deserved, was concerned with the limits of con- 
tinuous functions which attain their limits.’ Later some French writers thought 
it necessary to impose restrictions. With Duhamel® the variable “never reaches” 
its limit. In Germany Kliigel’ gives a definition placing no restriction, but in 
the comments which follow the variable is pictured as not reaching its limit. In 
1871 Hermann Hankel starts out in his article “Grenze’’® by defining what is 
called a limit in mathematics; the limit is not reached. The difference between 
the variable and its limit he calls an infinitely small quantity—a quantity no 
multiple of which is capable of producing unity. But magnitudes of the same 
kind, by Euclid V, Def. 4, are such that some multiple of one will exceed the 
other. Hence an infinitely small line is not of the same kind as a finite one. 
This contradiction is to Hankel one of the indications that a scientific treatment 
of limits is still wanting. Hankel proceeds to express his adherence to the actual 
infinite and to develop a more satisfactory definition, free from restriction as to 
the attainment of the limiting value. 

In the United States, as elsewhere, there has been great diversity of practice. 
Charles Davies of West Point, later of Columbia College, lets the variable reach 
its limit, in his Caleulus of 1836. A discussion of this subject was carried on in 
the Analyst by Levi W. Meech, C. H. Judson, De Volson Wood and Simon 
Newcomb.® Wood’s article voices the view that prohibiting the variable from 
attaining its limit “unnecessarily restricts the law of approach of the variable,” 
though the variable can be “subjected to such a law that to the human mind it 
will appear impossible for it to reach the limit.” An elaborate discussion of the 


1 Article “Limite” in the Encyclopédie, ou Dictionnaire raisonné des sciences (Diderot). 

2 Quoted by Bledsoe, and by Carnot in his Reflexions sur la métaphysique du calcul infinitesimal, 
5. éd., Paris, 1881, p. 147. 

3 Carnot, op. cit., p. 168. 

4A. L. Cauchy, Cours d’analyse, 1821, p. 4. 

5 Philip E. B. Jourdain, “The Development of the Theory of Transfinite Number,” Archiv 
der Mathematik u. Physik, Bd. 14, 1909, p. 297. Jourdain’s work appears in Bd. 10, 1906, pp. 
254-281; Bd. 14, 1909, pp. 289-316; Bd. 16, 1910, pp. 21-43; Bd. 22, 1913. 

6 Fléments de calcul infinitesimal, Duhamel, Vol. I, Book. I, Chap. 1. 

7G. Kliigel, Mathematisches Wérterbuch, Leipzig, 1805, Vol. II, Art. Grenze.” 

8 Allgem. Encyklopddie der Wissensch. u. Kiinste (Brockhaus), 90. Theil. 

* The Analyst (J. E. Hendricks, Des Moines, Iowa), Vol. I, 1874, p. 133 et seq.; Vol. VIII, 
1881, p. 105 et seq.; Vol. IX, 1882, p. 79 et seq.; Vol. LX, 1882, p. 114 et seq. 
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subject is found in A. T. Bledsoe’s Philosophy of Mathematics, Philadelphia, 1886. 
He holds (p. 44) that the variable never actually attains its limit, and 

“, .. this, I apprehend, will be found to be the case in relation to every variable really used in 
the infinitesimal method. It will, at least, be time enough to depart from the definition of Du- 
hamel when variables are produced from the calculus which are seen to reach their limit without 
violating the law of their increase or decrease.” 

That a teacher who had pondered so long upon the foundations of the calculus 
as Bledsoe had done, could not think of examples of variables reaching their limits 
is an indication that the application of the calculus to physics and mechanics 
did not then receive the careful attention it deserved. 

It is with the theory of limits as with negative numbers and imaginaries. 
In the eighteenth century it was felt that, whether such numbers could exist 
in algebra, was a matter of argument and demonstration; now it is merely a 
question of assumption. The same is true with variables reaching their limits. 
In modern theory it is not particularly a question of argument, but rather of 
assumption. The variable reaches its limit if we will that it shall; it does not 
reach its limit, if we will that it shall not. Our “willing” the one thing or the 
other consists in assuming a continuum in which the limit is a value the variable 
can assume; our “not willing” consists in not assuming, in the aggregate of 
values the variable can take, the value of the limit. 


A GENERAL FORMULA FOR THE VALUATION OF BONDS. 
By C. H. FORSYTH, University of Michigan. 


It is the purpose of the present paper to generalize a formula for the valuation 
of bonds so that it will be applicable to a large number of bond offerings not satis- 
factorily covered by a known formula. 

The problem to be considered may be put more concretely as follows. All 
formulas known up to the present time, cover the offering of bonds or loans only 
where the principal is repaid in equal installments. The case where payment of 
the principal is made in a lump sum is included, as a special case. 

We shall derive a formula for computing the price of bonds where this prin- 
cipal is repaid in general in unequal installments. This formula will include cases 
where there may be only one installment of any one value. In fact, the formula 
will include as special cases not only the most general formula known at present 
but also all the special cases of the latter. 

The most general formula’ for valuation of bonds known up to this time is 


y, a 


where k represents the premium or discount—as the case may be. 
The nature of the above bond offering or loan is as follows. The principal 


+J.W. Glover, A general formula for evaluating securities, this Monraty, March, 1915. 
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of one dollar is to be repaid in r equal installments, the first at the end of f years 
and the rest at intervals of t years. The interest named in the bond offering is 
g and the interest rate to be actually realized, and hence used as a basis of the 
annuities of the formula itself, is 7, both rates to be paid m times a year. It is 
unnecessary to give the derivation of formula (1) here. 

Formula (1) is rarely used in the form given, much simpler formulas—special 
cases of (1)—being ordinarily used; but as mentioned above, it covers only those 
bond offerings where the repayments of the principal are equal. If a problem 
however simple, arises where the repayments are unequal, it is necessary to con- 
sider as many distinct offerings as there are different installments or repayments. 

We propose now to derive a formula, using formula (1) as a basis, to apply to 
cases where these installments are, in general (but not necessarily), wnequal. 

The nature of such a bond is as follows. The principal of S dollars is to be 
repaid in r; + ro + +--+ + 1, installments, of which the first r;, the next re, etc., 
are equal, there being n different installments. 

The first installment is to be paid at the end of f; yeats, the next r; — 1 at 
intervals of ¢; years, the first of the r2 payments at the end of f2 years (from the 
date of the whole bond offering), the next r2 — 1 at intervals of t, years, etc., and 
if we designate as “ major intervals ” those intervals wherein all the installments 
are equal, we may say in general that in the mth major interval there will be r, 
installments at intervals of ¢, years, the first of which is to be paid at the end of f, 
years. 

The rate of interest offered in the loan is g and the rate to be actually real- 
ized is 7, both to be paid m times a year. 

We shall let S; represent the sum of the r; equal installments of the first major 
interval, and in general S, the sum of the r, equal installments of the nth major 
interval; and we shall also let J, represent the value of each of these installments, 
that is put J, equal to S,/rn. 

Then applying formula (1) itself, considering the several major intervals as 
so many different bond offerings, the value of the premium or discount on the 
whole bond offering becomes at once 


8 114 a 
S2 — ) ( 
S T2Ame; | a 


4 Sn ( 1 — = ) 
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Adding, we have 


where we let An = and dn = — |): 
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Ordinarily we might expect the first interval to be the same as the other intervals 
of any major interval. However, it should be emphasized that nothing has been 
assumed to prevent this first interval from being any number of years. In other 
words, we may, if we choose, look upon the first installment of each major interval 
as being deferred any arbitrary number of years just as it is openly assumed in the 
first majorinterval. This period of deferment may, of course, take as a special case 
the value of each of the other intervals (¢, in the nth major interval) of that major 
interval. If, in this special case, we have also t; = t = --- = t, = t, then 


fe=ft+nt, fs=f+ (nit ryt, fa=ft(ntrt 


and formula (2) becomes 


: *), (3) 


Sanz| 


where a(n) = = and Ip = Ingi = 0. 

Formula (3) appears more complicated than (2) but on practical application 
will prove much simpler and, of course, much less general. One must be careful 
in assigning the proper values to the f’s in a practical problem in using formula 
(2). In general, f, extends from the date of the whole bond offering till the first 
installment of the nth major interval. 

As an example and special case where we have only two major intervals or 
only two different installments, formula (3) may be expanded into the form 


Sanz| a 


(4) 


and so on, in general, for n equal to any positive integer. 

Perhaps we should add that in case any major interval should contain only one 
installment (one of the r’s becomes unity) it may be asked what value should be 
given the corresponding value of ¢ for that major interval. On investigation one 
will find that in that case the troublesome terms involving that particular ¢ will 
cancel out in the formula and hence prove immaterial in value in practice. How- 
ever, we must be careful to not give it the value zero, for in that one case an in- 
determinate expression will arise and make unnecessary trouble. We would 
suggest that the simplest plan in practice would be to assume the value of that 
particular ¢ to be unity, as that value would make a minimum of trouble and will 
not necessitate the previous and troublesome cancellation of the terms in ¢. 

If we assume n to be unity or only one value for the values of the installments, 
our formula (3) reduces to 


a(1)I, — a(0)lh\ (g 
k= (1- Sama )( a 


which is identically the well-known formula (1). 
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It should be added that all annuities are to be valued, as formerly with formula 
(1), at the rate of interest 7/m. Formulas (2) and (3) prove very easy to apply 
in a concrete problem and the values of the annuities involved are easily deter- 
mined. We shall conclude with a typical though simple example. Let it be 
desired to find the value or price of a loan of $50,000 offered at 6 per cent. and 
dated September 1, 1914; the principal to be repaid in fifteen installments, 
$2,000 September 1, each year from 1919 to 1928 and $6,000 September 1, from 
1929 to 1933, to net the purchaser 5 per cent. 

Here we have f = 5,m = t= 1, g = .06, 7 = .05 and n = 2 and we can use 
formula (3) as simplified and expressed in formula (4), whence 


(1 _.a(2) 6000 + a(1)(2000 — 6000) — a(0) - *) 


50,0004} .05 
where 
a(2) = = 
a(1) = = 
a(0) = anyl = a5], all to be valued at-5 per cent. 


The values of these annuities can be obtained from any set of tables. Hence, 
finally, the premium is k = .0966977, and the price of the entire loan becomes 
$50,000 (1 + &) or $54,834.89. 


A GEOMETRICAL INTERPRETATION OF GREEN’S FORMULA. 
By W. V. LOVITT, Purdue University. 


It is the object of this note to give a geometrical interpretation of Green’s 


formula: 
oP 


The single integral is to be taken in the positive direction around a closed curve 


(C) C(x, y) = 0 


in the zy-plane and the double integral over the interior A of C. To derive this 
formula it is sufficient to prove the formulas 


1 aeay = Pde, 
(1) xdy & 


(see for example Goursat-Hedrick, § 126), and for simplicity it may be assumed 
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that A is a region of the zy-plane in which 0P/dy and 0Q/dz are of constant sign. 
We will discuss equation (1) and leave equation (2) for the consideration of the 
reader. 

Construct the surface 


(P) z= P(x, y). 


The cylinder C(x, y) = 0 intersects the surface (P) in a curve the projection of 
which on the xz-plane we designate by C;. Let the two parts of C be represented 
by 


y = y = n(x) 


as in the figure. Then the two parts of C; are 


and it is clear that the integral 


Pdz = d. 
(©) 


represents the area of C;. The double integral may be written 


where dS is the element of the surface (P) and 8 is the angle between the normal 
to (P) and the y-axis. This shows that the double integral is also an expression 
for the area of C;. It is now evident that the two sides of the equation (1) have 
the same absolute value. There remains the question of sign. 
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A curve in the zy-plane will be said to be traversed in the positive sense when 
it is gone over in the direction indicated by the arrow in the figure. For the 
xz-plane the positive direction is taken as opposite to that indicated by the b 
arrow. For the yz-plane it will be found necessary in the discussion of equation 
(2) to take the positive direction as indicated by the arrow in the figure. Areas 
are to be considered positive when their boundaries are traversed in the positive ‘ 
sense and negative when their boundaries are traversed in the negative sense. 
These definitions of the positive sense for the three coordinate planes are inde- 
pendent of the octants and seem to be the simplest for our present purpose. 

By an inspection of the figure we see that the curves C and C; are traced by 
corresponding points in the same sense when 0P/dy < 0 and in opposite senses 
when 0P/dy > 0. If then we take into account the sign of the projective factor 
0P/dy and the sense in which the curve C; is traversed when the curve C is gone 
over in the positive sense, we find that always 


ap 
A dy 


ON A CERTAIN CLASS OF DETERMINANTS. 


By ERNESTO PASCAL, Milan, Italy. 


Translated by permission from the Rendiconti della R. Accademia delle Scienze Fisiche e Mate- 
matiche di Napoli (3), volume XX, 1914. 


The AMERICAN MatHematicaL Monrtaty for June, 1914, volume 21, page 
184, contains the following question under the heading “A simple algebraic 
paradox.” 

Given two linear homogeneous complex equations 


(a + bi)(p + gi) + (¢ + di)(r + si) = 0, | 
(a’ + + + (c’ + d%)(r’ + 8%) = 0. 
In order that these should be compatible it is necessary and sufficient that 
(a+bi) (¢+di) 
@’+bi) 
This complex equation is equivalent to the two real equations « 
ac’ + a’c = bd’ — b’d, 
ad’ + be’ = + 


Both of these must be fulfilled if (1) is to subsist. On the other hand equations (1) are ~ 
equivalent to 


(1) 


ap — bg +cr — ds = 0, 
bp + aq+dr+ cs =0, 
=0, 
bpt+aqtdr+ c's =0. 
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These are compatible when, and only when, a single equation is satisfied, namely 


a—-b -d 
9 b ad c 0 
@) -¥ ¢ «ti 
a’ d 
Which answer is right? 

How can a single condition be equivalent to two? This is the question asked 
by the American mathematician. 

The answer is simple. The determinant (2) may be expressed as a sum of 
two squares, more specifically as the sum of the squares of the two right members 
of (1). Consequently the vanishing of (2) implies both of the equations (1). 

But this remark suggests immediately a whole class of determinants (with 
real elements) which have the remarkable property of being expressible as a sum of 
two squares. The law of formation of these determinants is similar to that of 
the so-called skew symmetric determinants, with this difference however that 
the property of skew symmetry does not hold with respect to the elements of 
the determinant themselves, but with respect to certain partial matrices included 
in the determinant. The following determinant is representative of this type. 


a,’ eee an! b,’ eee 

a,™ a,™ b™ b,™ 

1 n ay an 


Such a determinant would be obtained in connection with a system of n linear 
homogeneous equations of the kind considered at the beginning of this note, by 
carrying out the discussion there given in analogous fashion. 

Since the condition D = 0 must correspond to two relations, one might con- 
clude indirectly that D must be a sum of two squares. But this fact may also be 
proved directly by the following method, in expounding which we shall confine 
ourselves to the case n = 3. The same method however is applicable for any 
value of n. 

If we expand the determinant D (for n = 3) as a sum of products of the minors 
contained in the first n columns by their algebraic complements, and make use 
of the customary notation of the symbolic theory of n-ary forms, we find 


D= + + + 
+ + (b'b"a’”’)? + (b'b'"a’’)? + (bb’’a’)? 
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If now we make use of the identity 
and of the analogous ones 
the above expansion reduces to the sum of squares 
[(a’a’’a’"’) (a’b’’b’’’) (b’a’’b’’’) (b’b’a’”’) |? 


If we represent by (A) the matrix of the a’s, by (— A) that of the — a’s, and 
similarly by (B) and (— B) the matrices of the b’s and — b’s respectively, the 
matrix of the determinant D may be represented symbolically as follows: 


| (A) (B) 


(— B) (A) 
It still remains to study determinants whose matrices are of the type 
| (A) (B) 
B) (A) 
0) (—D) 


| 


August, 1914, 


BOOK REVIEWS. 


Epitep sy W. H. Bussey. 


Analytic Geometry of Space. By Virait Snyper and C. H. Sisam. Henry Holt 
and Co., New York, 1914. xi+289 pages. 

It is probable that in no branch of elementary mathematics has there been 
such need of a good, teachable book as in the analytic geometry of space. Books 
on this subject, designed for two half-year courses, are strangely lacking. Charles 
Smith’s book on solid geometry gives fine results when used with a small class of 
picked students because, like so many other text-books from England, it forces 
the student who would get anything from it to think, to remember and to coérdi- 
nate many branches of elementary mathematics. In other words, the book is 
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not made up of a series of mechanical rules and illustrative examples, than which 
there is probably no influence more stultifying to a student’s originality and power 
to attack a problem intelligently. Moreover, in such a book as Smith’s, a 
student’s mental capacity is treated with respect; as his mind becomes more virile, 
it is not nauseated by continual regurgitation of things once digested. 

Smith’s book, however, is lacking in many of the qualities and quantities 
which make the book under review a notable contribution to class-room literature. 

Anyone sufficiently interested in analytic geometry to read this review can 
and probably will find a table of contents in the book itself. Therefore the re- 
viewer will content himself with the privilege of calling attention to some of the 
exceptional features of the book. 

Taken as a whole the book is noteworthy for its literary style. It is a delight 
to read it. Simple, forceful language is employed throughout, the theorems are 
models of clear expression and, when a paragraph is completed, its connection with 
the rest of the subject is apparent. 

We are glad to note that, when the proof of some theorem has been standard- 
ized on account of its elegance, the authors have not felt obliged to bring forth an 
outrageous, new demonstration. The reviewer will never agree that desire for 
change is sufficient excuse to mangle a natural, tried and beautiful development. 

The book is arranged so that its contents fall very naturally into materials 
for two courses, the first eight chapters constituting a course of some thirty-five 
lessons and the last six one of about fifty lessons. 

The outstanding feature of the first eight chapters, and to the reviewer the 
finest thing in the book, is the natural and immediate introduction of certain 
geometric concepts which most authors seem to feel are better left out of a first 
course, such concepts as plane coérdinates, homogeneous codrdinates of points and 
planes, elements at infinity, imaginary elements, the absolute, circular points 
and isotropic planes. 

The theorem that the locus of Ax + By + Cz + D = 0(A, B,C, D real) isa 
plane is proved in a way which is very satisfying and, though a bit tedious, is very 
natural. The authors show that the locus satisfies three conditions that char- 
acterize a plane: (1) It contains three points not on a line; in fact, if C + 0, the 
three points [0, 1, (— B — D)/C), [1, 0, (- A — D)/C) and (0, 0, — D/C). 
(2) It contains every point on any line joining two points on it. (3) It does not 
contain all points of space; in fact, it does not contain the point [0, 0, (—D—C/C]. 

In dealing with the normal form of the equation of a plane and the per- 
pendicular distance from a plane to a point, the authors use only the positive 
vA? + B® + C?; they introduce the idea of a positive and negative side of the 
plane by the definition that (a1, y1, 21) is on the positive side of the plane if 
Ax + By, + Cu+ D> 0. 

The point at infinity on a given line is introduced by saying that for every 
value of k, including — a,/bs, there is to correspond a point on the line 
x; = (ai + bik)/(ag + dak) (¢ = 1, 2, 3). Similarly, having introduced homo- 
geneous codrdinates as four numbers 2’, y’, 2’, t’ such that z = 2’/t’, etc., a point 
is said to be defined even when t’ = 0, and hence is a point at infinity. 
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The reviewer wishes especially to commend the early introduction of the so- 
called imaginary elements. He has always felt that the imagination and hence 
appreciation of a beginner in any sort of geometry is very greatly stimulated by 
an early consideration of these elements. It is well that he should be disillusioned 
at the start of the idea that the word real in geometry has any connection with the 
everyday word reality. The authors enforce this concept of imaginary elements 
by noting that the line determined by two conjugate points or planes is real, and 
similar theorems. They also furnish a fair list of examples. 

The easy swing of the text is illustrated by the paragraph introducing the 
projecting cylinders of a curve: “The equation of the projecting cylinder of 
the curve of intersection of two surfaces F(a, y, z) = 0, f(z, y, 2) = 0 on the 
plane z = 0 is independent of z. The equation of this cylinder may be obtained 
by eliminating z between the equations of the curve.” 

The absolute is introduced by proving that all spheres (it should be all non- 
composite spheres, to use the authors’ terminology) intersect the plane at infinity 
in the same curve. The circular points and theorems connected with them, of 
course, enter very simply at this point. The authors err, I believe, in not making 
it sufficiently emphatic that all co-planar circles pass through the same circular 
points, after having defined the circular points as the two points in which any 
proper circle intersects the absolute. 

The radical plane of two spheres is introduced as the ordinary plane of the 
composite sphere in \,;S + 2S’ = 0, where S = 0 and S’ = 0 are two spheres, 
and it is then shown that this plane is the locus of the centers of spheres inter- 
secting the two given spheres orthogonally. If we omit the consideration that 
this method of approach is general and illustrates the radical plane’s relation to a 
system of spheres, we believe that several other ways of introducing the radical 
plane are more desirable, because less cumbersome and more directly interesting. 
The examples under this section are extremely well chosen. 

Three chapters are devoted to an elementary discussion of quadrics. These 
surfaces are introduced by means of their simplest equations and are discussed 
with reference to their shape. I have yet to find an author who points out in his 
text how easy it is, by noting the exceptional sign and variable in these equations, 
to designate the type and position of the quadric. This ability to sketch a surface 
rapidly is a desideratum in many applications of analytic geometry. 

In the treatment of the general Cartesian equation of quadrics, much stress 
is laid on the distinction between centers and vertices. If F(z, y, z) = 0 repre- 
sents the given quadric, the lines and planes of centers and vertices are introduced 
by means of the rank of the system of planes 0F/dx = OF /dy = OF /dz = 0. I 
might say in passing that this chapter has nearly as many typographical errors 
as the preceding one has elegant figures and photographs. 

The work on the discriminating cubic—one of the brightest spots in the an- 
alytic geometry of space—is particularly good, and the discussion of several of the 
special cases of quadrics is made very properly by means of illustrative examples. 
Little is gained in such cases by an involved, general discussion where difficulties 
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that do not really exist are apparently brought to light. In the examples con- 
nected with this chapter the authors have apparently gone to considerable trouble 
to get cases whose solutions involve complicated numbers and radicals. 

The chapter on properties of quadrics is very concise. The treatment of 
circular sections deserves mention. It begins with the proof (given by two 
methods involving different principles) of the theorem: “Through each real, finite 
point of space pass six planes which intersect a given non-composite, non-spherical 
quadric in circles. If this quadric is not a surface of revolution nor a parabolic 
cylinder, these six planes are distinct; two are real and four imaginary. If the 
quadric is a surface of revolution or a parabolic cylinder, four of the planes are 
real and coincident and twoimaginary.” Thistheorem is then applied to stand- 
ard forms of the quadric. 

The point of view adopted in the ninth chapter and continued throughout the 
remainder of the book is quite different from that of the first part. Tetrahedral 
coérdinates are here introduced by means of linear transformations; the principle 
of duality is used and more maturity in the student is demanded. As the authors 
state in the preface, the selection of subject matter in these last chapters is such 
as to be of greatest service for further study of algebraic geometry. 

The road to an intelligent discussion of this subject matter is paved by two 
splendidly concise and clear chapters concerning such ideas as tetrahedral coér- 
dinates, duality, transformations of codrdinates, cross ratio, invariance of the 
discriminant, lines on a quadric and polar theory. We recommend to anyone who 
has usually found the introduction of these concepts long and involved a careful 
perusal of chapters nine and ten of the book under review. 

Chapter eleven, on linear systems of quadrics, is divided into four clearly dif- 
ferentiated parts, consisting respectively of pencils, bundles and webs of quadrics, 
and linear systems of rank r. The discussion of pencils is devoted to their classi- 
fication into fifteen forms, arranged according to their characteristic (the symbol 
indicating the arrangement of roots in a given )-discriminant). These forms are 
eventually tabulated, with a column for the curve of intersection of the two basic 
quadrics of the system. The culminating theorem of the section on webs of 
quadrics is that the points of the Kummer and Weddle surfaces are in one to one 
correspondence. 

The reader will find the chapter on transformations one of the most satisfying 
of the book. It begins with two very illuminating and stimulating pages on the 
necessary and sufficient conditions that different elements are perpendicular, 
i. e., on poles and polars as to the absolute. Projective transformations are classi- 
fied and tabulated in standard forms, fourteen in number, the determination of 
their characteristics and the loci of their invariant points being left as an exercise 
to the student. Birational transformations and the geometric constructions for 
some of them are mentioned very briefly, but in such an attractive manner as to 
give any student a taste for more. 

The discussion of the algebraic surfaces 

! 
Aap = 0 


160 PROBLEMS AND SOLUTIONS 


(a, B, y, 6 integers positive or zero and a + 8 + y + 6 = n) and algebraic space 
curves requires a distinctly more advanced knowledge of plane analytic geometry. 
' When mastered the student will understand what things in general concern an 
investigator in algebraic curve theory and will have a good working knowledge 
of the main properties of space cubic and quartic curves. 

After such a surfeit of praise as the above contains, the reviewer felt it his duty 
to look very carefully for something serious to criticize; but what he found seems 
very trivial. Of course the ubiquitous typographical errors are there and the 
figure used in finding the distance between two non-intersecting lines would seem 
to have been drawn by one who did not consult the text of that particular para- 
graph. 

Polar, spherical, and cylindrical coérdinates are very nicely introduced at the 
beginning, but are not mentioned again. If they have a place in the analytic 
geometry of space, that place should be at least visible. 

Practically all the problems have the answers given and there are not enough 
of them incorrect to be of any pedagogical value. The reviewer would like to see 
the pages of this MonTHLy opened to a discussion of the relative pedagogical 
values of complete, partial and no lists of answers, and of answers all correct or 
partially incorrect. 

The definition of analytic curves in the last short chapter on differential ge- 
ometry is obviously made so as not to alarm the reader and is not precise. In- 
cidentally it is made without any explanation of what an analytic function is. 

For American students, at least, I feel very strongly that such a book would 
gain much in effectiveness if the first chapters were devoted to a concise dis- 
cussion of those theorems on determinants and matrices that will be of service in 
the succeeding chapters. A teacher, having in mind what is to follow, has a 
great opportunity to make his students appreciate the great power and elegance 
of determinants. 

Let me say in conclusion that, with its splendid style, its fine choice and ar- 
rangement of material and its pedagogical excellences, I believe this book one of 
the best contributions to American text-books made in recent years. 

E. Gorpon BILL. 


PROBLEMS AND SOLUTIONS. 


Epitep By B. F. FINKet R. P. Baker. 
PROBLEMS FOR SOLUTION. 


Note.—Of all the problems proposed between January 1, 1913, and January 1, 1915, satis- 
factory solutions for the following have not been received: 

In Algebra, 406. 

In Geometry, 427, 442, 446, and 454. 

In Calculus, 339, 340, 342, 348, 353, 360, 363, and 368 to 375. 

In Mechanics, 277-8-9, 287, and 291 to 301. 

In Number Theory, 191-2, 196, 198, 205, 208-9-10-11, 214, 217, and 219 to 225. 

Please give attention to these as well as to those proposed since January 1, 1915. 
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ALGEBRA. 
433. Proposed by B. J. BROWN, student at Drury College. 
Prove that, if all the quantities, a, b, etc., are real, then all the roots of the equations 
h ja-—z h 9 
= 0, | h b-—-z f =0 
g f c—2z 


a-z 
h 


are real; and generalize the proposition. 


434. Proposed by S. A. JOFFE, New York City. 

Express the “difference of zero,” A"0"*!, in the form, Ci(n + 2)! — C2(n + 1)!, where C; 
and C are numerical coefficients independent of n. 

435. Proposed by C. N. SCHMALL, New York City. 


Show that (e — 1) — 3(e — 1)? + 3(e — 1)? — --- = 1, where e is the Naperian base of 
logarithms. 


GEOMETRY. 
463. Proposed by B. J. BROWN, student at Drury College. 
If » and » are the parameters of the two confocal conics through any point on the ellipsoid 
2 
atta 


show that u + v + a? + c = 0, along a central circular section. 


=1, 


464. Proposed by FRANK R. MORRIS, Glendale, Calif. 


The sum of the hypotenuse and one side of a right triangle is 100 feet. A point on the 
hypotenuse is 10 feet from each of the sides. Find the length of the hypotenuse correct to the 
third decimal place. 


465. Proposed by ROGER A. JOHNSON, Western Reserve University. 


Let C be a fixed circle, A a point outside it. Let AT and AT’ be the tangents from A to the 

circle, touching the latter at T and T’. Let two secants be drawn through A, cutting the circle 

- at P, Q and R, S respectively. Let PR and QS meet at X, PS and QR meet at Y. Prove by 
elementary methods that for all positions of the secants, X and Y lie on the line TT’. 


CALCULUS. 


383. Proposed by WILLIAM CULLUM, Albion, Mich. 


Find the area of the curved surface of a right cone whose base is the asteroid, x? + y°4 = q?/, 
and whose altitude is h. 
H From Townsend and Goodenough’s First Course in Calculus, p. 288, Ex. 11. 
Note——Among other methods, find the required area by means of the formula 


f \1 (2) 4 (2) EpItTors. 


384. Proposed by JOSEPH B. REYNOLDS, Lehigh University. 


In what time will a sum of money double itself at 6 per cent. interest per annum if com- 
pounded at indefinitely short intervals? 


385. Proposed by H. B. PHILLIPS, Massachusetts Institute of Technology. 
If f(x) is continuous between a and z, show that 


no ( 
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386. Proposed by HERBERT N. CARLETON, Newberry, Mass. 


C is a fixed point on the perpendicular bisector of the line segment AB. Locate a point D 
_ also on this bisector, such that AD + BD + DC shall be a minimum. 


MECHANICS. 

309. Proposed by JOS. B. REYNOLDS, Lehigh University. 

The tangent at one cusp of a vertical, three arched hypocycloid is horizontal, and a particle 
will just slide under gravity from the upper cusp to this cusp. Find the equation which the 
coefficient of friction must satisfy. 

310. Proposed by EMMA M. GIBSON, Drury College. 


A particle movable on a smooth spherical surface of radius a is projected along a horizontal 
great circle with a velocity v which is great compared with ¥2ga. Prove that its path lies between 
this great circle and a parallel circle whose plane is approximately at a depth 2ga?/v? below the 
center. 

From Lamb’s Dynamics, p. 334, Ex. 3. 


SOLUTIONS OF PROBLEMS. 


Note.—When several persons send in solutions for the same problem, the committee naturally 
and, we think, properly select for publication that one which is not only correct mathematically 
but is written out in the best form for publication. They must either do this or else, if they 
select solutions which are in poor form, in order to give as many solvers as possible a chance, 
they must write these solutions over to save them from rejection by the Managing Editor as 
bad copy. The task of putting solutions into acceptable shape for the printer is one which the 
members of the committee do not relish,—and who can blame them? This will explain why some 
names appear more frequently at the head of the solutions than do others, even though several 
may have solved the same problem. See the suggestions for preparing solutions published in 
several previous issues. Manaaine EpiTor. 


ALGEBRA. 
409. Proposed by C. E. GITHENS, Wheeling, W. Va. 
Find integral values for the edges of a rectangular parallelopiped so that its diagnoal shall 
be rational. 
Remarks By W. C. Eetts, U.S. Naval Academy. 


In the February, 1915, issue of the MontTuiy (pp. 60-61) Artemas Martin 
criticizes my solution of this problem in the October, 1914, issue, stating that 
I have solved a different problem from the one proposed, and that I claimed that 
a certain rational parallelopiped was the smallest possible one, whereas he 
exhibits four others that are smaller. 

Since the problem reads “Find integral values” and not “Find all integral 
values, etc.” it was in order to impose the condition 2? + y? = #? or any other 
condition so long as integral solutions of the equation 2? + y? + 2? = a? were 
found. I showed two general methods of solution, each giving an infinite number 
of prime integral solutions, but did not state nor even suppose that I had found 
all possible solutions. I fail to see, however, how I solved a different problem 
from the one proposed. 

Under my first method, as an example, I gave the solution (2, y, z, a) = (4, 3, 
12, 13) as the smallest rational parallelopiped, and it should have been sufficiently 
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evident that what I meant was that this was the smallest one found by this 
method,—not the smallest one possible. The latter would have been a rash and 
unwarranted statement, when I was not professing to give all solutions. Mr. 
Martin cites the four solutions (1, 2, 2, 3), (2, 3, 6, 7), (1, 4, 8, 9), (2, 6, 9, 11) 
to prove that (3, 4, 12, 13) is not the smallest. He might have cited two more, 
(4, 4, 7, 9) and (6, 6, 7, 11). 
Mr. Martin gives the equation 


“true for all values of a, b, c,” from which to derive solutions of the equation 
2+y+2=d*. This identity is true but quite useless unless further and 
quite elaborately qualified. For many values of a, b,c, it gives z and d frac- 
tional values in violation of the conditions of the problem. Mr. Martin gives 
no restrictions on values of a, b, c, the obvious implication being that one is free 
to assign values to them at pleasure. For a = 5, b = 3, c= 1, it gives z = 33/2, 
d = 35/2. Asa matter of fact there are no integral solutions possible for a and 
b both odd. For let a = 2m + 1,b = 2n+ 1, and let ¢ be even,ec = 2p. Then 


4m? + 4n? + 4m + 4n+2—4p_4K+1 
4p 


evidently impossible as an integral solution. Again let ¢ be odd, ¢c = 2p + 1. 
As before 


’ 


+1 

+1)’ 

also impossible. Thus there are no solutions for a and b both odd. Similarly 
it can easily be shown that there are no solutions for c even, when a and b are 
even-odd or odd-even, but only when a and b are even-even, and not always then. 
When ¢ is odd there are no solutions if a and b are both even, but only when a 
and 6 are even-odd or odd-even. It requires further careful discrimination to 
properly restrict the form of a and b in the two cases indicated as sometimes 
yielding solutions. 

Soon after submitting the solution to which Mr. Martin objects I set to 
work to devise a method for finding all solutions, worked one out along the lines 
suggested above, and calculated all possible rational prime solutions, 74 in 
number for which the diagonal is less than 50. (My previous methods had 
given only three such.) But on submitting this to the MonrHty some two 
months ago Professor R. D. Carmichael kindly called my attention to an elegant 
solution of the same problem by V. A. Le Besque which was published in the 
Comptes Rendus in 1868 (Vol. 66, pp. 396-398). Le Besque’s method was so 
superior to the one I had devised (as well as to the one proposed by Mr. Martin) 
that I did not think mine worth publishing and did nothing further with it. 

Since the problem has come up again, however, it may be of interest and 
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value to publish in the Monruiy Le Besque’s method. He gives the following 
identity, 


(2 + + = (a? + — — + 65)? + — 
Since every integral number n can be expressed in the form 
n=?+ P+ 7+ 8, (a, B, y, 6 = 0, 1, 2, 3, --+) 


this affords an easy and rapid means of finding integral sides for any integral 
diagonal n. Le Besque’s identity needs certain restrictions which need not be 
stated here, on the form and relative size of a, 8, y, 6, to avoid duplication and 
results not relatively prime. If we put 6 = 0 it affords a still more rapid method 
of finding an indefinite number of solutions, although of course not all of them. 
For 6 = 6 = 0 it gives the well-known right triangle solutions, a? + 7’, a? — y’, 


FURTHER REMARKS BY HERBERT N. CARLETON, Newberry, Mass. 


Mr. Martin’s formula can be much simplified and brought to a form in which 
two numbers representing two of its sides can be directly derived. 

Thus, let a, b, c be the three edges. Then since (a + b)? = a? + 2ab + 6’, it 
is only necessary to choose a and 6b so that 2ab = a. When such values of 
a and b are determined, the third edge, c = ¥2ab, and we have 


ao. 


2b 

Since 2ab = a?- —, if a ee a b = 3a°, an integer, the conditions are 
fulfilled. From this it is seen that a*® must be even and therefore a must be even. 

Hence, by taking a equal to any even number, b = 4a’, and ¢ = V2ab, we 
get numbers satisfying the conditions of the problem. 

Note.—Each of these methods of solution has value and each satisfies the conditions of the 
problem, and none of them, it appears, will by any direct method include all possible solutions. 
Such a solution, so far as we know, does not exist. Eprtors. 

420. Proposed by ELBERT H. CLARKE, Purdue University. 

Given the infinite series, 


at? a + 2a + 3b 


ees, 
in which a and b are any numbers and where each numerator after the second is the sum of the 


two preceding numerators. To find the region of convergence and the sum of the series. 
This problem is a generalization of one solved in the January (1914) number of the Monraty. 


SotuTion By, Mrs. B. Davis, U.S. Naval Observatory. 
For r = 1, the series is divergent. For r > 1, the series is convergent. Let 


a+b 


++ 
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We have 
a + 2b (3 


Therefore, the scale of relation is 1 — (1/r) — (1/r?). Multiplying S successively 
by each term of the scale of relation, we have 


b 2b 
1 .& § 
1 a 
Adding, we have 
a.b—a 
r 


Multiplying by 7’, we have 
—r—1)-S=a(r—1) +5. 


tr —1)—1° 


Hence, 


Applying this formula to the special series solved in the January (1914) number 
of the MontHLyY, in that example 


a= l, b = 2, r= 2. 


and the scale of relation = 1 — (1/2) — (1/4); whence 


1(2— 1) +2 
S=1+4+55— 
GEOMETRY. 


443. Proposed by CHARLES N. SCHMALL, New York City. 

A quadrilateral of any shape whatever is divided by a transversal into two quadrilaterals. 
The diagonals of the original figure and those of the two resulting (smaller) figures are then 
drawn. Show that their three points of intersection are collinear. 


II. SoLution sy Vota Barton, Goucher College. 


Quadrilateral 4.A’C’C is cut by line y. AC and A’C’ are cut by y in B and B’, 
respectively. A, B, and C are collinear, and also A’, B’, and C’, by hypothesis. 
These six points are so joined as to form the hexagon AB’CA’BC’. 
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The intersections of the opposite sides are collinear, by the theorem of Pappus, 
that is, if a hexagon AB’CA’BC" has its vertices of odd order on one straight line, 
and its vertices of even order on another straight 
A’ line, then the three pairs of opposite sides, AB’ 
and A’B, B’C and BC’, CA’ and C’A, meet in 

three points lying on another straight line. 
— B’ But the intersections of the opposite sides 
o of this hexagon are the intersections of the di- 

agonals of the three quadrilaterals. 

Hence, the intersections of the diagonals of 
any three quadrilaterals, two of which are formed 
by cutting the other one by a straight line, are 
collinear. 


Also solved by ANNA MULLIKIN. 


C’ A solution of this problem appeared in the January 
issue of the Monra ty, but we publish this solution as it presents an entirely different method of 
attack. Enprrors. 


452. Proposed by NATHAN ALTSHILLER, University of Washington. 


Through a given point a secant is drawn that meets three given concurrent lines in the points 
A, B, C, respectively. Determine the position of the secant by the condition AB/BC = K, 
K being given. 


SotuTion BY Mrs. Euizasetu B. Davis, U.S. Naval Observatory. 


Let OA’, OB’ and OC’ be three given concurrent lines, and P a given point. 
Let it be required to draw through P a secant meeting 0A’, OB’ and OC’ respec- 
tively in points A, B, and C, such that AB/BC = K, K being given. 

Join P and O, and through P draw any transversal R’P, meeting the four lines of the pencil’ 
O — A'B’C'P in D, E, F, and P, respectively. 

On OP take H and G so that 


GP :HP = DE: EF. (1) 
Also, on OP take M, so that 


MP :HP = K. (2) 


Join DG, and through M draw RM parallel to DG, meeting R’P in R. 
Draw RA parallel to OC’, meeting OA’ in A. Join AP, then AP is the transversal required. 
For, dividing (1) by (2), we have _ 


GP: MP = EF : K. 
Since, A’s PDG and PRM are similar, 
GP : MP = DP: RP. 
Hence on 
DP: RP = EF K (8) 
Dividing the first ratio of (3) by FP, 
DP RP ODE 
FP‘ FP ~ (4) 
Since A’s RAP and FCP are similar, 
RP AP 
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Substituting this value of RP/FP in (4), we have 


DP AP _DE. 
FP* CP ~ 

DP DF AP 
EF cp: (5) 


But the anharmonic ratio of all transversals cutting any given pencil of four lines, as O—A’B’C’P, 
is a constant. Hence, 
DP DE _ AP. AB 
FP se BC’ 
From (5) and (6), AB/BC = K. Hence AP is the transversal required. 
Also solved by the Proposer. 


(6) 


453. Proposed by CLIFFORD N. MILLS, Brookings, S. D. 
Prove geometrically the formule for sin 28, cos 28, sin 38, cos 38. 


SOLUTION BY THE PROPOSER. 


(1) sin 28 = 2 sin B cos 8B. 

Inscribe in a circle any triangle, ABC, with the angle at B equal to 26 (Fig. 1). 

Draw AM through the center of the circle; BK, the bisector of the angle B; 

OK, the radius of the circle; AK, KM, and KC, K being on the circumference 

of the circle. 
Then 

: AC 


sin 28 = 


A AKC and KOM are similar isosceles triangles. Hence 


= or AC= an 
Hence, | 
AC _AK-KM _2AK-KM | 
But 
= sing and AM = cos 8 


Hence sin 28 = 2 sin B cos 8B. 
(2) cos 28 = cos? B — sin? B. 


Using the same Fig. 1, we get 


MC 4r? — AC? AC? 
cos 28 = = 


But 
AC = (AK-KM)yr. 
Hence, 


4A K?-KM? 
cos 28 = 1- 


Substituting the values of AK and KM, as previously found, we have 


cos 28 = V1 — 4 sin? B cos? B = V(sin? B + cos? 8)? — 4 sin? B cos? 8 = cos? B — sin? £. 


(3) sin 36 = 3 sin B — 4 sin’ B. 


} 
| 
| 
| 
j 
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Inscribe in a circle any triangle ABC with the angle at B equal to 38 (Fig. 2). 
Draw AM, the diameter of the circle. Arc AH = arc HK = are KC. Draw 
the chords AK, HC, KC, HM, KM, BH, and BK. 


Hence, 
AC 
sin 38 = a 
AHKC is a concylic quadrilateral. Hence, 
AC-HK + AH-KC = AK-HC, 
or 
AC-AH + AH? = AK-HC = AK?; 
whence, 
AC = (AK? — AH?)/AH. 
Hence, 
‘ sin 38 = (AK? — AH?)/2r-AH., 
ut 
AK = HC = 2r sin 28 = 4r sin B cos £, 
and 
AH = 2r sin £. 
Hence, 
2 2 2 
sin 38 = 3 sin — 4 sin? 


(4) cos 38 = 4 cos* B — 3 cos B. 
From figure 2, we have 


cos 38 = 
Also, since MC? = AM? — AC?, 
MC? _ — AC? 
4r? 4r? 
But 
AG = AK‘ —2AK?- AH? + AH$ 
AH? 
MC 
4r2AH2 | 49? 4r? * 


Substituting the values of AK and AH, we have 


MC2 
as = 1 — 16 sin’ 6 cos‘ 6 + 8 sin? 8 cos’ 8 — sin? 8 = 16 cos® 6 — 24 cos‘ B + 9 cos’ B, 
or 
MC _ 
= 4 cos* 8 — 3 cos £. 
Hence, 


cos 38 = 4 cos? B — 3 cos B. 
Also solved by A. M. Harprne and J. Vincent Batcu. 


CALCULUS. 
366. Proposed by I. A. BARNETT, University of Chicago. 


Compute the definite integral sin“ zdx, where 0Sa=1, 0Sb S11, by direct sum- 
mation. 


| 
| 
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SOLUTION BY THE PROPOSER. 
Let sin A = a, or A = sina, and let b= sin(A+ nh) = sin B. Hence 


n = (B— A)/h. 
Then we have 
a b 


sin A sin (A + h) «++ sin [A + (n—1)h] sin (A + nh) 
Jf = lim {{sin (A + h) — sin A} sin“ sin A 
+ {sin (A +- 2h) — sin (A +h)} sin“ sin (A +h) 
+ {sin (A + nh) — sin[A + (n — 1)h]} sin sin[A + (n — 1)A]] 


+ (A + nh) sin (A + nh)] 


= lim [- cos (A + 3) — cos [4 + (2n + \ —AsinA 
+ (A + nk) sin (A + nh) | 
= Tim [ (A +3) — cos ( B +3)} —AsinA + Bsin B | 
=cosB —cosA+BsinB—AsinA 
= Vl — Vi — a? + bsinb — asin“ a, 
which agrees with the result given in the tables. 


An excellent solution was also received from A. M. Harpina. 


367. Proposed by C. N. SCHMALL, New York City. 


Show that the volume inclosed by the surface (x? + y? + 2?)5 = (atx? + biy? + c32?)? is 
$x(a® + 


Sotution By A. M. Harpine, University of Arkansas, anp A. R. NAvEr, 
St. Louis, Mo. 


Let t=rsingcos#, y=rsingsin#, z=rcosg. Substituting in the 
given equation, we obtain 


r = a’ sin? cos? 6 + 6 sin? ¢ sin? + cos? ¢. 
Then the volume inclosed by the surface is given by 
agg r sin gdrdéd¢, 
=3 sin? ¢ cos? @ + sin* ¢ sin? @ + c* cos? ¢) sin gdédg, 
(5 sint + + cost psin ¢) dy, 


(a? + b? + 3), 


= lim [— Aisin (A + h) + sin (A + 2h) + --- +sin(A + nh)} —AsinA 
| 
| 
fe 2, 2 
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NUMBER THEORY. 
218. Proposed by ELIJAH SWIFT, University of Vermont. 


If p is a prime >8, show that a = 0 (mod p). 
a= 


II. SoLUuTION BY THE PROPOSER. 

It may be proved (Bachmann, Niedere Zahlentheorie, page 155) that 
Ap3 =1-2-3---p—3+1-3-4---p—2+---, taking all possible com- 
binations of the numbers 1, 2, ---p — 1, p — 3 at a time, is divisible by p. 
Then 


A 1 es b 
pa = (p — 1) 2 ab a +b. 
b=1 
Then 
1 
> = 0 (mod p) 
This sum may be written 
But 
Hence, 
1 = oes = 
= 0 (mod p). 


QUESTIONS AND DISCUSSIONS. 
Epitep By U. G. University of Kansas. 


NEW QUESTIONS. 

26. Why should not the nomenclature of mathematics be made uniform? For example, 
why call a circle a portion of a plane in elementary geometry and a curve in analytic geometry? 
Why call a sphere a ball at one time and a surface at another time? And so on through all the 
configurations of two- and three-dimensional geometry. 

REPLIES. 


18. In view of the present pressure for saving time and gaining efficiency, what are the 
most important sources of economy in the mathematical courses of the high school and the first 
two years in college? 


Repty By Ernest W. Ponzer, Leland Stanford Junior University. 

This question assumes the existence and application of the fundamental 
principles of efficiency! in connection with our college instruction in mathematics. 
No doubt the editors are aware of the fact that many college professors would 
hardly make this assumption and that many others would regard the problem 
involved as quite trivial. If such is not the case, why, for instance, in many 
large universities is instruction in the mathematics of the freshman year given to 
a majority of the students enrolled in these courses by assistants in the depart- 


1 Cf. article “A Study in Efficiency,’”’ School Science and Mathematics, October, 1910, pp. 
579-81. 
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ment? And why is the ferment for a square deal to those courses now working 
so strongly among those vitally interested, the students themselves and the people 
who support the institutions? We well know that any assumption of high 
efficiency in this work is an assumption contrary to fact and that we shall be held 
responsible for our methods and our results. 

Shall we assume the problem to exist, to be worth while, and not to be regarded 
as a chore in an otherwise interesting round of labors? We must and do; in fact, 
we believe it to be a fundamental problem in the building of a solid foundation 
for the mathematical education of the student. 

To obtain efficiency we suggest starting with the instructor. We do not be- 
lieve that the instruction of the first two years should be given by assistants 
with little or no experience in teaching the subjects. It is worthy of the best 
efforts of the ablest and most mature instructors in the department. We suggest 
a recognition of the value of this work and we would accord credit (and salary) 
to show our appreciation when it is efficiently done. The instructor’s attitude 
toward his work should first of all be sympathetic and he should have the courage 
of his convictions in carrying it out. 

The instructor should have good raw material on which to work. While he 
must take all who come with the proper credentials, he can eliminate the weaker 
students. At Stanford for a number of years we have eliminated each fall from 
our first year sections in applied mathematics on an average about ten per cent. 
of the students registered. This is done after a review of secondary algebra 
extending over about three weeks concluded by an examination. The ten per 
cent. were certainly not at that time up to the standard required for efficient work. 
Those eliminated had to get a better preparation. Their tales of why they could 
not at that time hope to handle their mathematics as they should are interesting 
tales of inefficient work done in high schools. You have all heard these. The* 
stimulus of the sifting process on the ninety per cent. remaining is great. They 
have drawn a bonus and are alert for more. Their attitude toward their work is 
excellent. The instructor can begin to see the gradual working of the refining 
process which is to extend for a year through algebra, review of trigonometry, 
and analytic geometry, with perhaps the elements of the calculus. Sections 
now average about 30—small enough for individual and laboratory work and not 
large enough to require a lecture treatment. Better have fewer good instructors 
and more good student assistants than many teaching assistants. 

We would have student assistants to read papers and exercises handed in. 
Necessarily these are handed in on time—likewise returned on time. A schedule 
of assignments based on the text in use is early placed in the hands of students. 
And they are held responsible for their share in an intelligent discussion of the 
assignments from day to day. 

Perhaps the methods of the instructor in conducting the courses should vary 
with the class of students enrolled. My experience has been almost exclusively 
with classes whose major interest was in applied science, especially those electing 
engineering as their major. An instructor should acquaint himself with the aims 
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of his particular classes of students and then adapt his methods to suit their needs. 
For instance, and for applied mathematics: “The problems of applied science 
call for quantitative results. Abstract and formal results are not sufficient. 
They must be correct to the proper decimal point. They should check. Ac- 
curacy and efficiency must obtain. Form and logical sequence must be seriously 
considered. Suitable methods whether graphical, numerical, or mechanical are 
necessary. The province of applied mathematics is to furnish such suitable 
methods. And the field is not at all to be considered as apart from pure mathe- 


matics but a part of it. It is simply a question of a different state of mind hand- 


ling its problems efficiently” —I quote (translated) from Runge, of Gottingen, 
Germany. 

A teaching assistant whose main interest is centered on the courses in advanced 
work in mathematics which he himself is taking will too often fail to hit the nail on 
the head. Efficiency in instruction will too often be low. And no one is deceived 
by the procedure—least of all the freshman student who is laying a foundation 
for his future work. 

Early in the work of the first year; in fact during that of the first semester, I 
have made it a practice to insist on the checking of results by the aid of the slide 
rule. At the end of the year all handle this phase of the work efficiently. This 
checking is fundamental, that is the way the engineer works; why not use this tool 
early? Elaborate checks, such as are frequently given in the solution of triangles 
in trigonometry, are quite unnecessary to the efficient student who applies his 
common sense and his slide rule as he goes. A similar word might be said for the 
planimeter which naturally is used more in connection with the calculus, not to 
mention many other mechanical aids and tables. These are not to be used for 
first solutions but as efficient aids in checking. Since the work is thus done where 
Wnathematics is applied, why should we fall so far short in our instruction? A 
fair trial will convince the most skeptical or indifferent instructor of the value 
of all such aids. 

I have confined my remarks mainly to the work of a first year course, for I 
believe that the instructor can there either make or mar, to a large extent, the 
work of the student in the later years of his course. Certainly he can greatly 
influence its efficiency. And the student certainly has‘a right to expect that he 
will get a square deal from the beginning instead of having the courses he takes 
treated with indifference by those in charge of them. 

I would call for high grade and efficient instruction all along the line. And 
the best feature of it all is that the students will appreciate the standards set and 
the efforts of all of us toward securing this higher efficiency. 

3. In connection with the theory of the conduction of electricity through gases, one is led 
to the differential equation 
(1) + ey +d =0, 


where a, b, c, d are constants. For unrestricted values of a, b, c, d the solution of this differential 
equation presents peculiar difficulties, the series solutions obtained by the customary methods 
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having (apparently) too small a range of convergence to be satisfactory from the point of view 
of electrical theory. The general solution of this equation is wanted in case it can be found. If 
no general solution is obtained for unrestricted a, b, c, d, it is desirable to know special values of 
a, b, c, d or special relations among a, b, c, d which make it possible to find the general solution; 
and this solution is desired in each case. 


Repty sy W. W. Bean, University of Michigan. 


The given equation may be written 


yy” + ay” + by’ +eyt+d= 0. 


Put y’ = p. Whence y” = pe. 
Then 
d 
+ bp + cyt d=0 
and 


pdp dy _ 
y 


If ¢ be 0, the variables are separated. If now p = f(y) or y = $(p), we may 
be able to integrate again, expressing y as a function of x, or x and y as functions 
of p. 

It is interesting to note that the integration called for here in terms of y and 
p is the same as the one involved in the solution given in the February number of 
the Monruty (page 72) when a = 1. 

Also, Prorressor C. E. Love of the University of Michigan makes the follow- 
ing contribution toward the solution of this equation. 

Writing the equation, for greater distinctness, 


yy” + ay” + By’ + vy +6 =0 
and taking y as the independent variable, 
yx” — oa! — Ba — (yy + = 0. 


If 8 = 0, we have the linear extended form. Whence 


which can be evaluated if a = — lora= — }. 


mm 
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DISCUSSIONS. 


RELATING TO THE TEACHING OF AXONOMETRY. 
By Virem Snyper, Cornell University. 


In the January number of the Monruty (page 36) I notice an inquiry whether 
axonometry is taught anywhere else than at Washington University. 

About ten years ago one of our trustees, Mr. W. O. Kerr, suggested that the 
department of mathematics introduce a regular course in descriptive geometry 
as an alternative for those Arts students who ought to have some mathematics, 
but who found the calculus too difficult or too unattractive to be studied with 
profit. Before the arrangements were completed, Mr. Kerr died, so that we 
were deprived of his assistance; but the department gave me the task of working 
out the course and it has been given every second year since then. 

This work is not to overlap with the instruction given in descriptive geometry 
by the technical colleges of the university, but is planned to furnish an insight 
into the processes and methods of graphical representation of various kinds. As 
now given the course comprises four chapters: orthogonal projection, plane pro- 
jection, perspective, and axonometry. The last chapter was given in fifteen 
lessons and six drawing periods. We took up orthogonal and oblique representa- 
tion and did considerable reading on military and cavalier projections. 

Pedagogically the experiment has been interesting. A considerable number 
of students took the course who were not taking other work in mathematics and 
a goodly number of them are now taking further courses. My smallest class 
had six members, and the largest, twenty-eight. 


RELATING TO THE DEFINITION OF A REGULAR CONVEX POLYHEDRON. 
By Harrison E. Wess, Central High School, Newark, N. J. 


The definition of a regular convex polyhedron is usually given as “a convex 
polyhedron whose faces are congruent regular polygons, and whose polyhedral angles 
are equal.” It appears that the italicized part of this definition is redundant. 

The character of a polyhedral angle as a configuration rather than as a mag- 
nitude is rarely made clear. ‘There doubtless is such a thing as “solid angularity,” 
as it could be measured in terms of the area of the spherical polygon intercepted 
by the faces of a polyhedral angle at the center of the sphere. But this notion is 
of no aid to the above definition. What is usually meant is that the polyhedral 
angles are congruent: that is, that their face angles are equal respectively (which 
follows from the first part of the definition) and that their dihedral angles are 
equal respectively. The latter condition follows from the first part of the defi- 
nition. It can be shown! that a polyhedron is determined by its faces. (This 
important theorem has, so far as I can learn, been omitted from American text- 
books.) This being the case, a polyhedron defined by the first condition is con- 
gruent to itself when any two vertices are taken as homologous to each other, 


1 Niewenglowski et Gerard, Géométrie dans V’espace, Paris, Gauthier-Villars, § 490. 
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and the definition should read: “a convex polyhedron whose faces are congruent 
regular polygons, the same number about each vertex.” 


Note.—The above reference to a polyhedral angle as a configuration suggests question 26. 
Is not the polyhedron also a configuration, and likewise all the other figures of solid geometry and 
of plane geometry? Enprror. 


CORRESPONDENCE. 


To THE Epitor or THE Monta ty: In the review published in the March 
number of THE AMERICAN MATHEMATICAL MonrtuasLyY, Professor E. J. Moulton 
writes, page 94, 

The “and conversely” is subsequently neglected without comment in deriving equations 


except in the case of the circle. . . . The proof of the “and conversely” for a straight line is as 
difficult as the direct, and the omission seems hardly excusable. 


Since the proof of the “and conversely” for a straight line appears in the book 
under “review,” Article 47, page 58, the reviewer is obviously inerror. Moreover, 
the converse question for the several conics is considered in chapter VIII. That 
this question 1s “subsequently neglected”’ is therefore misleading. 

As to the second criticism on “ the equation of the locus,’”’ one may doubt the 
wisdom of introducing imaginary loci in an elementary text to the extent, at least, 
that would be necessary if one were to give a satisfactory explanation of the 
conditions under which f = 0 and f - g = 0 are equations of the same real locus. 

L. Waytanp Dow tine. 


NOTES AND NEWS. 
Epitep sy W. D. Carrns. 


At Wellesley College Miss HELEN A. Merri has been promoted to a full 
professorship in mathematics. She is at present on leave of absence. 


Professor F. A. SHERMAN, who in 1911 retired from the department of mathe- 
matics in Dartmouth College after forty years’ service, died February twenty- 


fifth, 1915. 


Professor THomas S. Fiske has been designated as administrative head of 
the Columbia University department of mathematics for two years beginning 
July 1, in the place of Professor Cassius J. Keyser, who retires at his own request. 


The Mathematics Teacher has established a bureau for the use of institutions 
that need teachers and for the benefit of teachers of mathematics who wish to 
better their positions. 


At the South Dakota State College, Assistant Professor CLirrorp N. MILLs 
has organized a mathematical club for the undergraduate students. The members 
of the club are engineers and general science students majoring in mathematics. 


Professor W. J. Hussey, of the department of astronomy in the University of 
Michigan, who has been for the past six months at La Plata University, has 
now returned to Ann Arbor. 


School Science and Mathematics for April prints a valuable paper by C. W. 


| 
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Newhall on “ Recreations in secondary mathematics”; this gives both historical 
and topical treatment of the subject matter in a form which makes it quite 
accessible to the average high school teacher. 


The address on “Graduate mathematical instruction for graduate students 
not intending to become mathematicians” delivered by Professor C. J. KEysER 
before Section A.of the American Association is printed in full in Science for 
March 26. His theme is the desirability and feasibility of organizing in every 
university a course such that an advanced student, while specializing in some 
other field, may yet gain a general knowledge of mathematical problems and 
processes. 


The mathematics section of the Michigan Schoolmasters’ Club met in Ann 
Arbor, April 1, 2 and 3. The program consisted of short discussions of practical 
phases of the teaching of high school mathematics, among which were “ Practical 
applications of high school mathematics” and “Correlation between mathematics 
and other branches, and correlation of the various mathematical disciplines.” 


The Annual Conference of high school teachers in Kansas with the State 
University was held at Lawrence on March 26, 27, 1915. The leading paper at 
the mathematics section was given by Professor H. E. SLauent, of the Univer- 
sity of Chicago, on the topic: “Retrospect and Prospect in High School Mathe- 
matics.” There was also an informal meeting of a dozen teachers of college 
mathematics, who were anxious to discuss matters of interest in the collegiate field. 


The latest bulletin from the United States Bureau of Education on “Curricula 
in Mathematics” is a comparison of courses in the countries represented in the 
International Commission on the teaching of mathematics. The bulletin was 
prepared by J. C. Brown, of Teachers College, with the editorial codperation of 
the American members of the commission. 


The spring meeting of the Chicago Section of the American Mathematical 
Society was held at the University of Chicago on April 2, 3, 1915. About 
seventy-five were in attendance upon the various sessions, including fifty-three 
members of the Society. There were twenty-seven papers presented, besides 
a report by Professor E. H. Moore, a former chairman of the Section, on “ Integral 
equations in general analysis.” A specially enjoyable feature of these meetings 
is the opportunity for social intercourse between the sessions and at the dinner 
on the evening of the first day, where many matters of mathematical interest 
are talked over informally. 


In School and Society for March 27, 1915, Professor G. A. M1LuEer has an 
interesting article on “Shamelessness in regard to mathematical ignorance.” 


Superintendent BEN BLewert of St. Louis gave before the National Coun- 
cil of Education at its recent Cincinnati meeting, an address of appreciation 
of the late James M. Greenwood, whose interest in mathematics was noted in 
the February Montuty. A significant sentence in this address bears eloquent 
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testimony to the training power of mathematics and allied subjects which was 
so strongly manifest in his life: “ Mathematics, logic, and philosophy sharpened 
an analytic mind which had singled them out as subjects of the greatest interest. 
Their influence on him was manifest in the comprehensive grasp and ordered 
marshalling of his thoughts, and in the clear and vigorous English in which he 
expressed them.” 


The University of Wisconsin, in coéperation with the University High School 
of Madison, has instituted a scheme for supervised observation work as a part of 
practice teaching. To avoid having ineffective teaching by beginners and 
nevertheless to give these proper training, they are enrolled as regular members 
of the class, sharing in all the recitaticns and oiher responsibilities of the pupils, 
but are detailed frequently to act as assistant teachers in various capacities. 
They must further report upon various problems of teaching as these arise, all 
such reports being discussed with them by the supervisors and recorded in the 
principal’s office where they may be consulted by school superintendents seeking 
teachers. 


The March number of The Mathematics Teacher contains the following four 
articles: (1) “The five Platonic bodies,” by J. H. Weaver, in which he points out 
mutual relations of these bodies and of thirteen other solids studied by Archi- 
medes, and argues that these were all derived by being whittled from the sphere; 
(2) “A study of the reliability of test questions,” by G. G. Chambers, an account 
of preliminary work to establish non-geometrical tests for determining the results 
of geometry teaching on reasoning ability; (3) “Business arithmetic versus 
algebra in the high school,” an address by G. H. Van Tuy] of the High School of 
Commerce, New York City, in support of the former, supplemented by a dis- 
cussion from a different point of view by W. S. Schlauch; and (4) the report of 
the arithmetic committee of the Association of Teachers of Mathematics in the 
Middle States and Maryland. The spring meeting of this association was held 
at Hunter College, New York City, on April 17. 


The Mathematical Gazette is presenting, in a form adapted to the use of school 
teachers, a series of articles by Professor W. W. Rouse Batu on the world’s 
great mathematicians. The following abstract of the article on Pythagoras in 
the January number will furnish some idea of the nature of this valuable series 
of biographical sketches. 

To the critical historian it appears to be established that Pythagoras was 
born about 570 B.C., that through his father’s trade relations he came into 
touch with philosophers of the Ionian School and later went to Egypt where, 
through favorable introductions, he secured admission to the College of Priests 
and mastered the secrets of their science and religion. Thence he went to Baby- 
lon, where he learned something of Persian and Indian thought at the very time, 
it may very well be, when Daniel of the Old Testament was living there. While 
it seems certain that he was influenced by the geometrical discoveries of the 
Ionian School, which included the earliest attempts to give general, rather than 
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particular, proofs for geometrical propositions, he was more influenced by the 
systems of religion, politics, and philosophy which he found in Egypt and Babylon. 
He was indeed a moral teacher and philosopher preéminently, yet to him is due 
the organization of mathematics as a science, even the adoption of the word itself. 

Ball’s theory is that Pythagoras was led to the study of geometry and numbers 
through his researches in natural philosophy. His love for music brought him 
to his important study of vibrating strings and this theory in turn he naturally 
connected with the properties of numbers. From this starting point too he 
went on to develop very elaborately the connection between the properties of 
numbers and various recurrent phenomena, geometrical forms, the nine celestial 
bodies (the earth, the moon, the sun, the five planets then known, and the 
firmament), etc. Just because of this (to him) essential and universal inter- 
relation, he organized and extended the previously known portion of what we call 
elementary geometry, he discovered and proved the existence of incommensur- 
able quantities but treated these by geometrical methods, distrusting such demon- 
strations as rest on the possibility of making numerical measurements. He was 
particularly concerned with the development of the properties of integers, being 
certainly acquainted with triangular numbers, excessive, perfect, and defective 
numbers, amicable number pairs, arithmetic, geometric and harmonic series, etc. 
How fundamental in the mind of Pythagoras were number theory and geometry 
to a knowledge of higher learning, may be judged from this, that the quadrivium, 
composed of numbers absolute or Pythagorean arithmetic, numbers applied or 
music, magnitudes at rest or geometry, and magnitudes in motion or astronomy, 
formed his great scheme of liberal education preliminary to any further pursuit of 
culture and philosophy. 

Because he let his imagination run away with him and his theories were mixed 
with fanciful speculations, which were often based on inferences rather than on 
exact observations, he and his school were subjected to severe criticism and 
mistrust both in ancient and in modern times; but it is now acknowledged that 
he initiated the brilliant era of Greek philosophy and science, and that, even 
though his political activity aroused much opposition in his lifetime, the loftiness 
of his aims and ideals gives him an unquestioned high place. 


Errata.—The following errors have been discovered: Volume XXI, page 299, 
last line, (— 1)* should be (— 1)*". Page 323, line 10, 1656 should be 1856. 
Page 333, line 7 down, delete the word “nine”; line 7 up, 2° — 226 — 2+ 1 
should be x? — 22° — 2? — 1; line 4 up, (— 1)*” should be (— 1)". Page 
334, line 18 down, y + 2C, should be y+ 1C,. Page 342, line 3 down, the 
fifth value should be 8 instead of 5. Volume XXII, page 68, line 13 down, 
f’"(x) = — e(2n — should be f’(x) = Page 131, line 4, 
should be z*/12. 
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HISTORY OF ZENO’S ARGUMENTS ON MOTION: 
PHASES IN THE DEVELOPMENT OF THE THEORY OF Limits. 
By FLORIAN CAJORI, Colorado College. 


7. KANT AND PrE-CANTORIAN Discussion. 


We now come to a commanding figure in philosophic thought—#mmanuel 
Kant. “He took Zeno’s dialectics more seriously than had been the custom before. 
Kant says that critics charged Zeno with a complete denial of both of two self- 
contradictory propositions. “But,” says Kant, “I do not think that he can 
be rightly charged with this.”! Zeno was not as much of a skeptic as has been 
pretended. Kant did not write on Zeno’s arguments on motion, but he touched 
on other arguments of Zeno. Kant’s first antinomy, or “the first conflict of the 
transcendental ideas,” contains parts-which remind one of the following annihila- 
tion of the notion of space, as given by Zeno: If there is space, it is in something, 
for every thing that is, is in something; but that which is in something, is also in 
space. Space, then, must also be in space, and so on infinitely: therefore there is 
no space. While Kant did not contribute directly to a clearer understanding of 
Zeno’s arguments on motion, the effect of his writings was a more painstaking 
and searching examination of that subject. 

In 1794 there appeared in Halle a monograph on Zeno’s arguments on motion 
by C. H. E. Lohse, which is permeated by the atmosphere of Kantian philosophy. 
It is the earliest publication on our topic which appeared in the form of a mono- 
graph? Of its four parts, the first deals with Zeno’s system in general, the second 
gives his arguments against motion, the third elucidates Aristotle’s refutation of 
Zeno, the fourth deals with “the only way” of refuting Zeno. The last argument, 
the “stade,”’ is not discussed at all. Aristotle’s distinction between a potential 


1 Kant’s Werke, Bd. III, “Kritik der reinen Vernunft,” 2. Aufl. (1787), Berlin, 1904, p. 345. 

2Car. Henr. Erdm. Lohse, Diss. (praeside Hoffbauer) de argumentis, quibus Zeno Eleates 
nullum esse motum demonstravit et de unica horum refutandorum ratione. Halle, 1794. All our 
information on Lohse’s paper is taken from E. Wellmann, op. cit., pp. 12-14. 
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